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We show that no fixed number of parallel repetitions suffices in order to reduce the error in
two-prover one-round proof systems from one constant to another. Our results imply that
the recent bounds proven by Ran Raz, showing that the number of rounds that suffice is
inversely proportional to the answer length, are nearly best possible.

1. Introduction

A two prover one round proof system [6], MIP(2,1), is a protocol by which
two provers jointly try to convince a computationally limited probabilistic
verifier that a common input belongs to a prespecified language. The verifier
selects a pair of questions at random. Each prover sees only one of the two
questions, and sends back an answer. The verifier evaluates a predicate on
the common input and the two questions and answers, and accepts or rejects
according to the output of the predicate. For inputs in the language, the
provers have a strategy (where a strategy for a prover is a function from
incoming messages to outgoing messages) that always causes the verifier to
accept. For inputs not in the language, regardless of the strategy used by
the provers, the verifier accepts with probability at most ε. The smaller the
value of ε, known as the error, the more confidence the verifier has in using
the proof system.
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Reducing the error in MIP(2,1) proof systems is a subtle issue. A natural
approach is to repeat an MIP(2,1) protocol n times, and accept only if
all executions were accepting. Ideally, one would hope that this method
reduces the error to εn. This is indeed true if each execution is performed
with a fresh pair of provers, requiring n pairs of provers, or if the executions
are performed sequentially (each prover must answer each question online,
before seeing the question for the next execution), requiring n rounds of
communication. However, parallel repetition, in which there are only two
provers, and each prover sends out its answers only after receiving all its
questions, is not guaranteed to reduce the error to εn [14]. Much work was
invested in trying to analyse the rate at which parallel repetition reduces
the error in MIP(2,1) proof systems.

There are many known results about error reduction by parallel repe-
tition (see references in the end of this paper). Most of these results are
surveyed in [11] (including the results of the current paper). In Section 3.1
we shall briefly recall some of these results. The most useful of these is a
theorem of Raz [22], which informally says that the error in parallel repeti-
tion of MIP(2,1) proof systems goes down at a rate that is exponential in
the number of repetitions, and the base of the exponent can be expressed as
a function of the initial error and of the answer length. A natural question
to ask is whether one can express the base of the exponent as a function of
the initial error alone, without need of involving other parameters such as
answer length. The main new result that we present is a negative answer to
the above question.

In Section 2 we formally define the parallel repetition problem. In Sec-
tion 3 we state our main results, and discuss related work. In Sections 4
and 5 we prove our results. Though these last two sections share similar
techniques, it is possible to follow each of them without reading the other.

The results presented in this paper were previously announced in [24]
and [11]. A preliminary version of the paper appeared in the proceedings of
the Eleventh Annual IEEE Conference on Computational Complexity, 1996.

2. Definitions

Two-prover one-round proof systems are often modeled as a game between
a verifier and two cooperating provers. It is not an adversarial game, as
the strategy of the verifier is fixed in advance. Rather, it is a cooperative
game with two players (provers) who coordinate a joint strategy that gives
them the highest probability of winning. Modelling MIP(2,1) proof systems
as games abstracts away the language recognition aspects of these proof
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systems, but preserves the concept of error in a proof system, and the issue of
how error can be reduced. One may best think of a game as an instantiation
of an MIP(2,1) proof system on a single input that is not in the input
language. We use the following notation.

G = G(X,Y,Q,π,A,B,V ) – a two-prover one-round game
X – set of questions to prover P1.
Y – set of questions to prover P2.
A – set of answers available to P1.
B – set of answers available to P2.
π – probability distribution on X×Y .
Q – support of π. Q⊆X×Y .
V – acceptance predicate on (X,Y,A,B).

Game G proceeds as follows. The verifier selects at random a question
pair (x,y) ∈Q, according to probability distribution π. Question x is sent
to P1 who replies with an answer P1(x)∈A. Question y is sent to P2 who
replies with an answer P2(y)∈B. (We identify between the name of a prover
and the strategy that it employs.) The verifier then evaluates a predicate
V (x,y,P1(x),P2(y)), and accepts if the predicate is satisfied. The goal of the
provers is to select a strategy (namely, two functions, one for each prover,
specifying an answer to each possible question) that maximizes the prob-
ability that the verifier accepts. The probability that the verifier accepts
under the optimal strategy of the provers is denoted by ω(G). If ω(G) = 1
the provers are said to have a perfect strategy for G, and the game G is triv-
ial. For nontrivial games, ω(G) is also called the error of the game. We shall
only be interested in nontrivial games.

An n-fold parallel repetition of game G is a new game, denoted by Gn,
played on n coordinates. The verifier treats each coordinate of Gn as an in-
dependent copy of the original game G, and accepts in Gn only if it would
have accepted all the n copies of G. The support set of Gn is Qn, the an-
swer sets are An and Bn. The verifier selects n question pairs (xi,yi) ∈Q
independently, each according to the probability distribution π. We denote
x̄=x1x2 . . .xn and ȳ=y1y2 . . . yn. (Hence x̄∈Xn, and ȳ∈Y n.) A strategy for
the provers is 2n functions, P i

1 :Xn−→A and P i
2 :Y n−→B, where 1≤ i≤n.

The acceptance predicate is V n =
∧n

i=1V (xi,yi,P
i
1(x̄),P i

2(ȳ)). That is, the
verifier accepts if all n copies of the original game G are accepting.

Observe that even though the verifier treats each coordinate of Gn inde-
pendently, the provers may not. In particular, the answer a prover gives in
coordinate i may depend on the questions that the prover receives in other
coordinates. For this reason, it is not true in general that ω(Gn)=(ω(G))n.
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We shall often refer to the following special classes of games. A game is
uniform if π is uniform on Q. A game is free if it is uniform and has full
support, i.e. Q=X×Y . (The term free was introduced in [8].)

Remarks.

1. The game model of MIP(2,1) can be extended to allow for the acceptance
predicate V to be a randomized predicate (that is, to have an additional
input that is assigned randomly by the verifier). Known applications of
MIP(2,1) proof systems do not make use of this extra option. Upper
bounds on ω(Gn) were proved in the restricted model that we use, and
the question of whether they hold in the extended model is most often
ignored. Lower bounds that are proved in the restricted model hold also
in the extended model.

2. Another extension of the MIP(2,1) model is to allow the provers to use
randomized strategies. This is irrelevant for our purpose of analysing the
error probability (since there always is a deterministic optimal strategy),
but is important in the context of constructing zero knowledge MIP(2,1)
proof systems [16,6]. We shall not deal with zero knowledge issues.

3. Our results, and related work

Our main result is the following:

Theorem 3.1. There is a family {Gk} of free games, in which |X|= |Y |=k,
|A|= |B|=2Θ(k), ω(Gk)≤3/4, and ω((Gk)n)≥1/8, for all n≤k/(4logk).

Theorem 3.1 is proved in Section 5. It implies the following qualitative
behavior of error reduction by parallel repetition.

Corollary 3.2. For any constant α> 0, there are games G, such that for
large enough n, ω(Gn)>(ω(G))αn.

Proof. Consider the game Gk given by Theorem 3.1, with k large enough
so that (3/4)αk/(4 log k) < 1/64. Assume for simplicity that k/(4logk) is an
integer. Theorem 3.1 implies that for every n > k/(4logk), ω((Gk)n) >
(ω(Gk))αn. This can be seen as follows. Let n= ck/(4logk) for some c> 1.
Let c′ be c rounded up to the nearest integer, and let n′ = c′k/(4log k).
Then the fact that ω((Gk)k/(4 logk)) ≥ 1/8 implies that ω((Gk)n′

) ≥ (1/8)c′

(the provers may repeat their optimal strategy for (Gk)k/(4 logk) on each of
its c′ copies in (Gk)n′

). As n≤n′, this implies that ω((Gk)n)≥ (1/8)c′ (the
provers may just add n′−n dummy coordinates and use the optimal strategy
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of (Gk)n′
as a strategy for (Gk)n). However, for our choice of parameters,

(ω(Gk))αn≤(3/4)αn <(1/64)c′−1≤(1/8)c′ . Hence ω((Gk)n)>(ω(Gk))αn.

Corollary 3.2 shows that if one wants to prove a relation of the form
ω(Gn)≤ (ω(G))αn, then one cannot just take α as some universal constant,
but must allow α to depend on some specific properties of G. Two specific
properties that have been used are |X| (the cardinality of the set of questions
to prover P1) and |A| (the cardinality of the set of answers to prover P1).
W.l.o.g., we assume that |X| ≤ |Y |, and that |A| ≤ |B|, but also note that
in the family of games referred to in Theorem 3.1, |X|= |Y | and |A|= |B|.
The proof of Corollary 3.2 together with the explicit values for |X| and |A|
in Theorem 3.1 then shows:

Corollary 3.3. Let α be a function of |X| and assume that for every game
G and every n, ω(Gn) ≤ (ω(G))αn. Then α = O((log |X|)/|X|). Let α be a
function of |A| and assume that for every game G and every n, ω(Gn) ≤
(ω(G))αn. Then α = O(log log |A|/ log |A|). Furthermore, the above holds
even for games in which 1/8≤ω(G)≤3/4.

Corollary 3.3 is formulated in terms of games G. This corollary can be
recast in terms of MIP(2,1) proof systems. As pointed out in Section 2, a
game G with error bounded away from 1 can be thought of as an instantia-
tion of an MIP(2,1) proof system on a single input that is not in the input
language. A family of games {Gk} (as in Theorem 3.1) can be thought of
as instantiations of an MIP(2,1) proof system for the empty language. A
technical condition that then arises is that for game Gk, which is an instan-
tiation of the MIP(2,1) proof system with input Ik, the parameters of the
game should be such that the acceptance predicate V can be evaluated in
time polynomial in |Ik| (as the verifier in MIP(2,1) proof systems is assumed
to be polynomial time). In the proof of Theorem 3.1, we do not analyse the
complexity of evaluating the predicate V in terms of the length of the inputs
to V (which is roughly k). We do not know whether V can be evaluated in
polynomial time, and in fact, this does not really matter. It suffices to have
some upper bound on the complexity of V , and in our case, it can be seen
that the complexity of V is at most doubly exponential in k. Now game
Gk can correspond to an input Ik of size doubly exponential in k, and this
makes the verifier in the corresponding MIP(2,1) proof system polynomial
time. (One can also modify either questions or answers by padding with ir-
relevant bits so that their length becomes doubly exponential in k, and then
the predicate V is certainly computable in time polynomial in the length of
the inputs to the predicate. The dependence of the rate of error reduction
on the length of the parameter that is not padded remains unchanged.)
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As shown above, when parallel repetition is analysed, properties of G
(such as question or answer length) must be taken into account if one wants
to bound the error. One of the methods commonly used [8,17,21,1,10,23,
25] is the forbidden subgraph method, which attempts to bound ω(Gn) only
as a function of X, Y , Q, π, ω(G) and n, and ignores A, B, V (for details,
see Section 4). As the forbidden subgraph method abstracts away certain
parameters of the game (such as answer length), it is not clear that the
forbidden subgraph method is a universal proof technique, in the sense that
any true bound on ω(Gn) that involves only the parameters considered by
the method can indeed be proved via this method. The following theorem
shows that in a special case (when G is just assumed to be nontrivial, but
with no explicit upper bound on ω(G)) the forbidden subgraph method is
universal.

Theorem 3.4. Let FS(X,Y,Q,π,n) be the best possible upper bound on
ω(Gn) that can be derived by the forbidden subgraph approach assuming
that G is nontrivial. Then this upper bound is tight in the sense that there
is some game G with the same parameters (X,Y,Q,π,n), augmented with
suitable A,B, and V , such that G is nontrivial and ω(Gn)=FS(X,Y,Q,π,n).

The value FS(X,Y,Q,π,n) will be defined in combinatorial terms in
Section 4, where Theorem 3.4 is proved after rephrasing it as Theorem 4.2.

An interesting implication of Theorem 3.4 is that the forbidden subgraph
method can be used not only for proving upper bounds on ω(Gn), but also
for proving lower bounds. This implication is used in Theorem 3.1, whose
proof uses ideas from the proof of Theorem 3.4. Let us explain the connection
between the two theorems in more detail. Consider a uniform game G that
is nontrivial, implying ω(G)≤ (1−1/|Q|). If the game is repeated n times
sequentailly, the error becomes (1−1/|Q|)n. We would like to prove that par-
allel repetition lowers the error at a much slower rate, that is, to show that
ω(Gn) is substantially larger than (1−1/|Q|)n. Theorem 3.4 shows that this
would follow if we could show that FS(X,Y,Q,π,n) is substantially larger
than (1−1/|Q|)n. Unfortunately, we do not know how to prove strong lower
bounds on FS(X,Y,Q,π,n). To make the task of proving strong enough
lower bounds easier (or even possible), we use a theorem similar to 3.4, but
for games in which ω(G)�1/2 (rather than ω(G)=1−1/|Q|). For this case,
we only get an approximate correspondence between error reduction by par-
allel repetition and the forbidden subgraph problem. But the approximate
correspondence that we get, together with a lower bound on the respective
forbidden subgraph problem, suffice in order to prove Theorem 3.1.
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3.1. Related work

Here we discuss some of the previous results on parallel repetition that are
most related to our work. For more information on previous work on parallel
repetition, the reader is referred to [11], or to other references in the end
of this paper. Issues such as how MIP(2,1) proof systems are constructed,
their applications to proving hardness of approximation results, zero knowl-
edge versions and applications to cryptography, are beyond the scope of this
paper. (See for example [6,14,17,9,3,10,18,13,2,19,4,12,5]).

MIP(2,1) proof systems were introduced by Ben-Or, Goldwasser, Kilian,
and Wigderson [6]. The authors remarked that parallel repetition of these
proof systems preserves zero knowledge properties, but the issue of its effect
on the error was not touched upon. Refuting initial intuitions that ω(Gn)=
(ω(G))n, Fortnow, Rompel and Sipser [14] constructed an example showing
ω(G2) > (ω(G))2. Lapidot and Shamir [17] showed the same effect in a
natural zero knowledge MIP(2,1) proof system for NP. Feige [10] presented
an example of a nontrivial game in which ω(G2) = ω(G). All the above
examples are for free games. A nonfree (but uniform) game with ω(G2) =
ω(G) is presented in [13]. Previous to our current work, there was no known
example of a game G in which ω(Gn) > (ω(G))n/2. For games with k > 2
provers, Raz shows an example where ω(Gk)=ω(G) (details appear in [11]).

The most useful upper bound on ω(Gn) was proved by Raz [22]. He
shows the existence of a function W that maps from the open interval (0,1)
to itself (in fact, to the open interval (t,1), where t is some constant, 0 <
t < 1), such that ω(Gn) ≤ (W (ω(G)))n/ log |A|. (The bound stated in [22] is
(W (ω(G)))n/ log(|A|·|B|), but the analysis itself does not use |B|. See also [20]
for other improved parameterizations of the upper bound.) Raz does not
explicitly describe W , but notes that for any fixed value of ω(G), the value
of W (ω(G)) is just another fixed constant, and hence the effect of W can
be replaced by some constant in the exponent. The value of this constant
depends on ω(G), and careful examination shows that it behaves like (1−
ω(G))c/ log(1+1/ω(G)), for some constant c.

Theorem 3.5. (Raz.) For any game G, ω(Gn)≤ (ω(G))αn, for some con-
stant α that depends on G. Explicitly,

α = Ω

(
(1 − ω(G))c

log |A| · log(1 + 1/ω(G))

)

where c is some universal constant.

The most disturbing feature about this upper bound is that α is not a
fixed constant (unlike the case of sequential repetition, where the constant
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in the exponent is 1). Corollary 3.2 shows that Raz’s bound is qualitatively
optimal, in the sense that a dependency of α on G is unavoidable. Quan-
titatively, Corollary 3.3 shows a dependence of α on |A|, and this depen-
dence nearly matches Raz’s theorem – O(log log |A|/ log |A|), compared to
Ω(1/ log |A|).

Theorem 3.1 shows that the number of parallel repetitions needed in
order to reduce the error from ω(G) to a desirable value ε does not depend
on ω(G) and ε alone, giving a negative answer to a question that was asked
in [8] and in [10]. It is interesting to note that for a slight variation on
parallel repetition, in which each prover is requested to answer some of the
questions that are originally intended to the other prover, the number of the
questions that the verifier needs to send can be bounded in terms of ω(G)
and ε alone. For details, see [12].

Theorem 3.1 also implies that for any fixed ε > 0, there is no universal
constant n such that for every nontrivial game G, ω(Gn) ≤ (1 − ε)ω(G).
Otherwise, the number of parallel repetitions that suffice in order to reduce
the error from 3/4 to 1/8 would be bounded by a constant. Interestingly,
for nontrivial free games, Feige and Szegedy show that ω(G3) <ω(G) (the
proof appears in [11]). It is an open question whether there is some universal
constant n such that for every nontrivial game G, ω(Gn)<ω(G).

The forbidden subgraph method, to be described in Section 4, is perhaps
the approach most commonly used in order to upper bound ω(Gn). The
above approach was used in [8,17,21,1,10] to analyse nontrivial free games.
For the special case that |X| = |Y | = 2, Peleg [21] shows that ω(Gn) =
O(2−(1−(log3/2))n)�O(2−0.21n), and that the approach cannot give anything
better than ω(Gn)=2−n/3. Combined with our Theorem 3.4, this last result
implies that there are free games with |X|= |Y |=2 for which indeed ω(Gn)≥
2−n/3, for every n divisible by 3. For free games with arbitrary support
size, Alon [1] and Feige [10] prove similar bounds, showing that ω(Gn) =
2−Ω(n/(|X|·|Y |·log |X|)). Upto the O(log |X|) factor in the exponent, this result
matches the trivial lower bound. In addition, Feige [10] proves that ω(Gn)<
e−k, where k = n log(1/

√
ω(G))/2(|X| + log(1/

√
ω(G)) + 2). For constant

ω(G), the lower bound of Corollary 3.3 matches this upper bound up to an
O(log |X|) factor in the exponent.

The forbidden subgraph method was also used to analyse nonfree games
in which π is uniform over the support. Verbitsky [23] uses Ramsey The-
ory [15] to give the first proof that as n → ∞, ω(Gn) → 0, without giv-
ing a constructive bound. In [25], a constructive upper bound of ω(Gn) =
2−Ω(n/|Q|8) is given for a family of nonfree games, in which Q induces a tree
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structure on X
⋃
Y . It is an open question whether a bound of the form

ω(Gn)≤2−n/f(|Q|) is true in general, for some function f .

4. The forbidden subgraph method

The forbidden subgraph method is an approach for upper bounding ω(Gn) as
a function of n, |X|, |Y |, and possibly also |Q|, π, and ω(G). It was first used
in [8] for the special case of free games, and generalizes in a straightforward
manner to any game (though the combinatorics becomes much harder). In
this section we describe the method for the case that π is uniform over Q,
and indicate at the end of the section the changes required when π is not
uniform.

For a game G uniform on Q and for n ≥ 1, we view Qn as a bi-
partite graph with vertex classes Xn and Y n by identifying an element
〈(x1,y1), . . . ,(xn,yn)〉 ∈ Qn with an edge 〈(x1, . . . ,xn),(y1, . . . ,yn)〉. For an
edge ē∈Qn, we denote its vertex in Xn by x(ē) and its vertex in Y n by y(ē).
For an n-vector v̄, we denote its i-th component by v̄|i.

Fix an integer k in the range [1, |Q|]. Suppose that ē1, . . . , ēk are distinct
edges of Qn. The l-projection of ē1, . . . , ēk is the set of edges {ē1|l, . . . , ēk|l}
(belonging to Q1 rather than Qn). A subgraph F of Qn with edges ē1, . . . , ēk

is called k-forbidden if for some l≤n, its l-projection satisfies the following
requirements:

1. |{ē1|l, . . . , ēk|l}|=k. That is, with respect to coordinate (copy of G) l, the
edges of F correspond to k distinct question pairs.

2. Projecting the vertices of F on coordinate l above, all vertices are distinct.
That is, for any v∈X, there is at most one vector x̄∈Xn such that x̄|l =v
and x̄=x(ē) for some ē∈{ē1, . . . , ēk} (maybe more than one such ē). A
similar condition holds for v∈Y .

For the special case of k = |Q|, the above requirements imply that the
graphs F and Q are isomorphic. For k< |Q|, the above requirements imply
that the graph F is isomorphic to a subgraph of Q that is induced on k
edges.

By EQ,k(n) we denote the maximum density |W |/|Q|n of a graph W ⊂Qn

that does not contain any k-forbidden subgraph.
The following proposition, which is the essence of the forbidden subgraph

method, was first used in [8] in the case of free nontrivial games.

Proposition 4.1. For any uniform game G, and for any k>ω(G)|Q|,

ω(Gn) ≤ EQ,k(n).
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Proof. Let us choose and fix some strategies P1 and P2 optimal in Gn. We
define W ⊂Qn to be the set of successes of P1 and P2 in Gn. Formally, W
is defined as{

ē ∈ Qn :
n∧

i=1

V (x(ē|i), y(ē|i), P i
1(x(ē)), P i

2(y(ē))) = 1

}
.

Since the game G is uniform, ω(Gn)= |W |/|Q|n.
To prove the proposition, it suffices to show that W does not contain

any k-forbidden subgraph. Suppose, to the contrary, that W contains a k-
forbidden graph F ={ē1, . . . , ēk} whose l-projection satisfies requirements 1
and 2 above. Our goal is to prove that in this case ω(G)|Q|≥k.

Define the strategies p1 and p2 in the game G as follows. For any v∈X,
if v = x̄|l for some x̄= x(ē) where ē∈ {ē1, . . . , ēk}, then p1(v) =P l

1(x̄). Note
that by requirement 2 above, the respective x̄ is unique, and no conflict can
arise. If no such x̄ exists, assign an arbitrary value to p1(v). Similarly, for any
v∈Y , if v = ȳ|l for some ȳ= y(ē) where ē∈{ē1, . . . , ēk}, then p2(v) =P l

2(ȳ).
The strategies p1 and p2 win for at least k possible question pairs from the
support Q, as derived by projecting the k edges of F on their lth coordinate.
Hence ω(G)≥k/|Q|.

Proposition4.1 shows that EQ,k(n) provides an upper bound on ω(Gn)
for any game G . The main theorem of this section (essentially Theorem 3.4)
shows that in the special case that k = |Q| (that is, all we know is that G
is nontrivial), this bound cannot be improved. For notational convenience,
when k = |Q| we denote EQ,k(n) by EQ(n). When π is the uniform dis-
tribution on Q ⊆ X × Y we have that EQ(n) = FS(X,Y,Q,π,n), where
FS(X,Y,Q,π,n) is the notation used in Theorem 3.4. (For non-uniform π
see Remark 3 below).

Theorem 4.2. Let Q⊆X ×Y be a connected bipartite graph. Then, for
any n, there is a nontrivial uniform game G with support Q such that

ω(Gn) = EQ(n).

Thus, given n, the maximum possible error ω(Gn) of a nontrivial uniform
game G with support Q is equal to EQ(n).

Proof. Given a connected bipartite graph Q⊆X×Y and a natural n, we have
to construct answer sets A and B, and acceptance predicate V ⊂X×Y×A×B.
We set

A = {1, . . . , n} ×Xn and B = {1, . . . , n} × Y n.
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In order to define V , we choose and fix a graph W ⊂ Qn without |Q|-
forbidden subgraphs, of the maximum possible density EQ(n). For each ē∈
W and i≤n, we put into V the quadruple 〈x(ē)|i,y(ē)|i, i◦x(ē), i◦y(ē)〉. In
other words,

〈x, y, i ◦ x̄,m ◦ ȳ〉 ∈ V ⇐⇒

(x̄, ȳ) ∈ W, i = m, x = x̄|i, y = ȳ|m.

Thus, the game G is completely specified.
Consider the strategies P1 and P2 in Gn defined by P i

1(x̄) = i ◦ x̄ and
P i

2(ȳ)= i◦ȳ for each i≤n. Obviously, P1 and P2 win on W . Hence, ω(Gn)≥
EQ(n).

It remains to prove that G is nontrivial. By Proposition 4.1, this will
imply the reverse inequality ω(Gn) ≤ EQ(n). The proof is by reductio ad
absurdum. Suppose, to the contrary, that some strategies p1 :X −→A and
p2 :Y −→B always win.

Let Q = {e1, . . . ,ek}. Consider an arbitrary edge ej = (x,y) in Q. By
our assumption, 〈x,y,p1(x),p2(y)〉∈V . Our construction of the acceptance
predicate V implies that, for some l≤n, p1(x)= l◦ x̄ and p2(y)= l◦ ȳ, where
x̄∈Xn, ȳ∈Y n, x̄|l =x, and ȳ|l =y. Moreover, the number l is the same for
any two edges ej and ep adjacent in Q. As Q is connected, l is the same for
all edges and, therefore, for all x∈X and y∈Y . Another consequence of our
definition of V is that x̄ and ȳ are joined by an edge in W . For ej = (x,y),
denote this edge by ēj .

Consider a graph F with edges ē1, . . . , ēk. To obtain a contradiction, it
suffices to show that F is a k-forbidden subgraph of W . Notice that ēj |l =ej

for all j≤k and, therefore, {ē1|l, . . . , ēk|l}=Q. This implies the first condition
in the definition of a forbidden subgraph. The second condition is met too, as
each vertex v of Q is lifted to a unique vertex v̄ of F with property v̄|l =v.

Remarks.

1. We can construct a game G with ω(Gn) = EQ(n) for all n, if we allow
countable (rather than finite) answer sets A and B. The latter condition
captures the situation when the answers of the provers are allowed to be
arbitrarily long.

2. The condition of connectivity we imposed on Q in Theorem 4.2 is only
for simplifying the notation in the proof. An analogous theorem holds if
Q is not connected. In this case, the game G must be nontrivial on at
least one of the connected components of Q, say Q′. The definition of a
forbidden subgraph can be made with respect to this Q′, and the proof
applies virtually without change.
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3. If π is not uniform on Q, then the forbidden subgraph approach still ap-
plies. A direct way of applying it is to consider Qn as an edge weighted
graph, where the weight of an edge is the probability of the respective
question pair being selected under πn. Now a forbidden subgraph is not
measured in terms of k, the number of edges that it has on the projec-
tion to coordinate ', but by the sum of the weights of these edges with
respect to π. This direct way of using the forbidden subgraph approach
with nonuniform π preserves Proposition 4.1 and Theorem 4.2, with the
appropriate modifications to the relevant definitions. However, proving
upper bounds on ω(Gn) with the weighted forbidden subgraph approach
becomes very difficult.
A way of avoiding the weighted case is by observing that any π can be
decomposed into π1 +π2, where π1 is uniform over the support Q, and
π2 accounts for the nonuniformity of π. Playing n copies of G can be
interpreted as playing (on average) µ(π1)n copies of the uniform version
of the nontrivial game G, and µ(π2)n copies of G with π2 (the latter
copies may in fact be of a trivial game, because the support of π2 is
smaller than Q). The verifier can ignore the latter copies, and then we
are left with Ω(n) copies of a uniform game, for which the uniform version
of the forbidden subgraph approach applies.

4. Theorem 4.2 can be extended to characterize the maximum value of
ω(Gn) for a game G(X,Y,Q,π) with any specified error ω(G), though
the statement of the result in this most general case becomes much more
cumbersome.

We conclude this section with discussion of asymptotics of EQ(n). As
shown in [23], ω(Gn)→0 for n→∞ uniformly over all nontrivial games with
support Q. By Theorem 4.2, it follows that EQ(n) → 0 as n→∞ for any
connected Q. In fact, the bound suggested in [23] applies directly to EQ(n).
For completeness, we describe this bound below (in Proposition 4.3).

We need some well-known notions from Ramsey theory. Let A =
{a1, . . . ,ak} be a finite set, and z be a variable that can be replaced with any
element of A. Let u(z) be an n-vector from (A∪{z})n with at least one com-
ponent z, and let u(ai) denote the vector obtained from u(z) by replacing
each occurence of z by ai. Then the set

L = {u(a1), . . . , u(ak)}

is called a combinatorial line in An. By rk(n) we denote the maximum pos-
sible density |W |/kn of a set W ⊆ An without combinatorial lines. The
Furstenberg-Katznelson theorem [15] says that rk(n)=o(1) for any k.
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Proposition 4.3. For any bipartite graph Q⊆X×Y with |Q|=k,

EQ(n) ≤ rk(n).

Thus, EQ(n)=o(1) for any Q.

Proof. As easily seen, any combinatorial line in Qn is a |Q|-forbidden sub-
graph.

The bound of rk(n) for EQ(n) is rather weak. Currently, there are no
strong upper bounds known for rk(n). Clearly, rk(n) does not decrease at
an exponential rate as n grows. For example, by choosing W as the set of
n-vectors with exactly n/k coordinates that are a1, it follows that rk(n)>
Ω(1/

√
n).

Question 4.4. Is EQ(n) exponentially small in n for any Q? Equivalently,
is ω(Gn) exponentially small for all games with infinite answer sets A and
B (see Remark 1 above)?

The answer is affirmative for Q being a complete bipartite graph [8,1,10]
or a tree [25]. This problem has an interesting weaker version.

Question 4.5. Let Q be a connected bipartite graph, and let DQ(n) denote
the maximum possible density of W ⊆Qn without subgraphs isomorphic to
Q. Obviously, DQ(n)≤EQ(n). Is DQ(n) exponentially small in n for any Q?

If Q is a complete bipartite graph, an affirmative answer is given by the
Zarankievicz theorem. If Q is a tree, a strong bound on DQ(n) follows from
the well-known fact that every graph on v vertices with at least tv edges
contains any tree of size t as a subgraph. If Q is a cycle C2l, an exponentially
small upper bound on DQ(n) follows from the Bondy-Simonovits theorem
that any graph of order v without subgraphs C2l has at most O

(
v1+1/l

)
edges. (See [7] for information on the bounds cited in this paragraph.)

5. The lower bound

In this section we prove Theorem 3.1. For any n, we exhibit a game for which
n repetitions are required in order to reduce the error from one constant to
another. First, we partially define a free game G, specifying only the size
of |Q|, without defining the answer set or the acceptance predicate. Then
we turn to the forbidden subgraph problem for Gn, in which we wish to
select as many edges as possible without having a forbidden subgraph with
|Q|/2 edges. A probabilistic argument shows that a constant fraction of the
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edges can be selected (for an appropriate choice of |Q| as a function of n).
Now we return to the game G and define its answer set and acceptance
predicate. This is done in a way similar to the proof of Theorem 4.2, and
is consistent with the pattern of edges that are selected in the forbidden
subgraph problem. Finally, we prove that for G defined in this way, ω(G)≤
3/4.

The proof builds upon the ideas of Section 4, but is presented in a self
contained manner, without explicit referral to Section 4.
Proof. (Theorem 3.1.) We show the existence of an infinite family of
games {Gk} with the following properties.

1. The support of game Gk is Xk ×Yk, where Xk = {x1, . . . ,xk} and Yk =
{y1, . . . ,yk}. Hence the size of the support is k2. For simplicity of notation,
we shall omit the subscript k from Xk and Yk, as the value of k will be
clear from the context.

2. Each game Gk is free. That is, the verifier picks a question pair uniformly
at random from X×Y .

3. The answer length of game Gk is Θ(k). (Hence length of answer is expo-
nential in length of question.)

4. The error of game Gk is constant. More specifically, ω(Gk)≤3/4.
5. For all n ≤ k/(4logk), the error in the n-fold parallel repetition of Gk

remains above some constant. More specifically, ω((Gk)n)≥1/8.

For arbitrary large enough k, we explain how to obtain Gk with the
properties described above. The definition of the acceptance criteria in game
Gk depends on a certain graph Gn

k , that will be described shortly. Recall that
in Gk, the question set for prover P1 is X = {x1, . . . ,xk}, and the question
set for prover P2 is Y = {y1, . . . ,yk}. To describe the answer set of Gk, let
n = k/(4logk) (rounded down to the nearest integer). The answer set for
prover P1 is {1, . . . ,n}×Xn (that is, an integer from 1 to n, followed by a
list of n questions xi), and the answer set for prover P2 is {1, . . . ,n}×Y n.
The verifier picks a question pair (x′,y′) uniformly at random from X×Y .
The verifier accepts the answer pair ('◦xi1xi2 . . .xin), (m◦yj1yj2 . . . yjn), if
and only if x′ = xi� , y

′ = yjm, '= m, and the two vertices named xi1 . . .xin

and yj1 . . . yjn are connected by an edge in the bipartite graph Gn
k , to be

described below.
Each side of the bipartite graph Gn

k has kn vertices, where lefthand side
vertices are labeled by the strings Xn, and righthand side vertices are labeled
by the strings Y n. The bipartite graph has k2n/8 edges arranged in such a
way that any k by k vertex induced subgraph of Gn

k has at most k2/2 edges.

Proposition 5.1. A graph Gn
k with the parameters above exists.
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Proof. We show that a random graph selected from an appropriate dis-
tribution has positive probability of satisfying the requirements of Gn

k (an
existence proof by a probabilistic argument). The lefthand side vertex set
is Xn and the righthand side vertex set is Y n. Include each edge (connect-
ing different sides) in the graph independently with probability 1/8. Then
the expected total number of edges is k2n/8, and with probability roughly
1/2 the number of edges will be at least its expectation. Consider now an
arbitrary k by k vertex induced subgraph. The probability that it has k2/2
edges (or more) is less than 8−k2/2

( k2

k2/2

)
≤ 2−k2/2/4 (for large enough k).

There are less than k2kn ways of choosing a k by k vertex induced subgraph.
Hence, if n≤k/(4log k), the probability that at least one of them has k2/2
edges is at most 1/4.

To make the description of Gk concrete, we fix Gn
k to be the first (under

an arbitrary order) bipartite graph on kn by kn vertices that satisfies the
restrictions specified for Gn

k .

Lemma 5.2. For the game Gk and n as described above, ω((Gk)n)≥1/8.

Proof. We describe a strategy of the provers for the game (Gk)n. On receiv-
ing a question xi1 . . .xin , P1 gives the n answers '◦xi1 . . .xin , for '=1, . . . ,n.
On receiving a question yj1 . . . yjn , P2 gives the n answers m◦yj1 . . . yjn , for
m = 1, . . . ,n. By the definition of Gk, the strategy of the provers succeeds
on all n repetitions of Gk simultaneously, whenever (xi1 . . .xin ,yj1 . . . yjn)
is an edge of Gn

k . By definition of Gn
k , exactly one eighth of the tuples

(xi1 . . .xin ,yj1 . . . yjn) are edges of Gn
k .

Lemma 5.3. For the game Gk as described above, ω(Gk)≤3/4.

Proof. Consider an arbitrary strategy for the two provers for Gk. For each
question xi to P1, this fixes an answer 'i ◦xi1 . . .xin . For each question yj

to P2, this fixes an answer mj ◦yj1 . . . yjn . Construct the bipartite graph G
with lefthand side vertex set X, righthand side vertex set Y , and an edge
between xi and yj if the verifier accepts (xi,yj,P1(xi),P2(yj)).

Proposition 5.4. If xi and yj are in the same connected component of G,
then 'i =mj.

Proof. Follow the path connecting xi and yj in G. Since each edge (x′,y′)
along the path signifies the fact that V accepts the provers’ answers, for
both endpoints of the edge the answers of the provers on x′ and y′ must
respect '′=m′. The proof follows by transitivity.
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Proposition 5.5. Any connected component of G has at most k2/2 edges.

Proof. Each answer of a prover is composed from an index (denoted by '
or m) and a name of a vertex in Gn

k . Within a connected component, all
answers of the provers correspond to pairwise distinct vertices in Gn

k . This
follows from Proposition 5.4, together with the fact that in order for the
verifier to accept P1’s answer m◦xi1 . . .xin on x′, it must hold that xim =x′

(a similar condition holds for P2). Each connected component can be viewed
as (part of) a k by k vertex induced subgraph of Gn

k , and hence has at most
k2/2 edges (by definition of Gn

k ).

In Proposition 5.6 we prefer simplicity of proof over obtaining the best
constant (which is 2−

√
2 rather than 3/4).

Proposition 5.6. G has at most 3k2/4 edges.

Proof. For connected component Ci in G, let ai denote the number of
vertices on the lefthand side and let bi denote the number of vertices on
the righthand side. Arrange the connected components Ci of G in order of
decreasing bi. C1 contributes at most k2/2 edges to G (by Proposition 5.5).
For each Ci, i>1, we compare between the number of edges that it adds to
G and the number of edges that it excludes from being in G. Component Ci

contributes at most aibi edges to G. Now count the number of edges that
are excluded from G, by the fact that they join a vertex of Ci with a vertex
of Ci−1. This number is aibi−1 + ai−1bi > aibi (because bi−1 ≥ bi). Hence
beyond the first connected component, for any edge that we count in G we
can count another edge as not being in G.

Hence any strategy of the provers succeeds on at most 3/4 of the support
of Gk, and this completes the proof of Lemma 5.3.

This completes the proof of Theorem 3.1.

Acknowledgements. We thank Ran Raz and Alex Russell for helpful dis-
cussions.
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